






































Submitted in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy in Geology 
in the Graduate College of the 










 Professor Xiaodong Song, Chair and Director of Research 
 Professor Jay D. Bass 
 Assistant Professor Lijun Liu 






The Earth’s solid inner core was formed from crystallization of liquid iron in the fluid outer core 
as the Earth slowly cools. The understanding of the structure of the inner core, combined with 
high pressure and temperature experiments at core condition, and dynamic simulation, will 
enable us to better understand the most remote part of the Earth. Numerous seismological studies 
have shown great complexities of the Earth’s inner-core structure. The lateral variation of the 
inner-core structure is just as pronounced with hemispherical variation in isotropic velocity of 
the topmost inner core, in attenuation, and in seismic anisotropy. This variation is very important 
in studying the outer-core convection and inner-core solidification process, which is the driving 
mechanism of the geodynamo and the Earth’s magnetic field. However, some key features of the 
inner core have not been well understood, such as the relation between velocity and attenuation 
structure, and the global pattern of the lateral variation. In this dissertation, I put my focus on 
studying the velocity and attenuation structure of the topmost inner core. To address these issues, 
my dissertation involves two main parts: 
First, to map the structure of the topmost inner core, I have developed an automatic waveform 
inversion technique based on Neighborhood Algorithm. This method takes advantage of the 
triplicated PKP waveforms at epicentral distances from 130 to 142 degrees and allows us to 
model P-wave velocity and attenuation structure of the inner core simultaneously. It is proven to 
be able to resolve the structure accurate and efficient in the synthetic tests. 
Second, I used this waveform inversion technique to study the global patterns of the lateral 
variation of the topmost inner core. I conducted a systematic search of high-quality waveform 
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data with the goal of good global data coverage and eventually selected 31 global seismic events 
in 1990 – 2015 with more than 2,000 seismograms. The inversion result shows strong degree 1 
hemispherical velocity and attenuation structure, which agrees with previous studies. We also 
observed strong anisotropy of P-wave velocity at the topmost inner core in some region, which 
has not been discovered before. Moreover, we observed degree 2 and degree 3 structures at the 
topmost inner core. Both the velocity and attenuation structures correlate well with the long-
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The Earth’s core is the innermost part of the planet we lived on. It can be further divided into two 
parts, the solid inner core with ~1200 km in radius, and the surrounding liquid outer core. Since 
its discovery in 1906 (Oldham, 1906), it has been studied in different ways over a century. 
Seismology plays a crucial role in understanding the core, including its velocity and attenuation 
structure, chemical composition, crystal structure, texture, and dynamic properties, since it is 
impossible to get direct samples from the deepest part of the Earth. With the rapidly increasing 
seismic data in the last a few decades, many new features of the inner core have been discovered. 
There have been quite a few recent review articles on the Earth’s core from different perspectives 
(Song, 1997; Tkalcic and Kennett, 2008; Hirose et al., 2013; Deuss, 2014; Tkalcic, 2015). This 
chapter gives an overview of major discoveries of the Earth’s core and related mineralogical and 
dynamical implications. 
 
1.2 LITERATURE REVIEW  
1.2.1 Seismological observations 
There are two types of seismic data used in core studies: short-period body waves and long-
period normal modes. Either data has its own advantages in revealing the core structure. 
Body waves provide information on the small-scale structure and the properties of sharp 
discontinuities because the periods of the waves are short. The body-wave phase that penetrates 
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the Earth’s core is denoted by PKP. PKP waves separate into three branches because of the sharp 
velocity decreases at the core-mantle boundary (CMB) and increases at the inner-core boundary 
(ICB). PKPdf (or PKIKP) are waves that pass through both the outer core and inner core; PKPcd 
(or PKiKP) are waves that reflected off the inner-core boundary; PKPab and PKPbc are waves 
that turn in the middle and the bottom of the outer core, respectively. One or more PKP phases 
can be observed at epicentral distances from 130º to 160º. Because PKPcd (or PKPbc at larger 
distances) and PKPdf have a similar ray path in the crust and mantle, using differential travel 
time between these two phases enables us to study the velocity structure of the Earth’s core. At 
even larger distances, PKPab can also be used in the calculation, but the correction for crust and 
mantle structure is needed. The absolute arrival time of PKP phases are handpicked in most 
studies, and cross-correlation technique is usually used to calculate the differential travel time 
between PKPdf and other reference phases. Because the outer core is considered to have no 
attenuation, the amplitude ratio of PKPdf and reference phases are usually used to study the 
attenuation structure of the inner core. PKP phases can be easily observed in earthquakes with 
magnitude larger than 5.3. But due to the uneven distribution of earthquakes and seismic 
stations, some areas in the inner core may not be modeled directly using body-wave data. 
Normal modes of free oscillation of the Earth are generated from long wavelength seismic waves 
excited by large earthquakes interfering to form standing waves, with periods larger than 100 s. 
The normal modes of the Earth can be dividing into different spheroidal modes (nSl) and toroidal 
modes (nTl), where n = 0, 1, 2, … denotes the overtone number and l = 0, 1, 2, … denotes the 
angular degree. Spheroidal and toroidal modes correspond to Rayleigh and Love waves in the 
shorter period. Each mode nSl and nTl consists of 2l+1 different oscillation patterns called 
singlets. For spherically symmetric Earth, the singlets from the same mode have same 
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frequencies. However, in real observations, these singlets split into different frequencies because 
of the elliptical shape, lateral heterogeneity, and anisotropy of the Earth. Spheroidal normal 
modes are sensitive to the inner-core structure and observable at the surface of the Earth. So they 
are widely used in inner-core studies (He and Tromp, 1996; Irving et al., 2009). 
 
1.2.2 Prominent seismological results 
Oldham (1906) discovered the Earth’s core by the rapid decay of P waves beyond distances of 
100º. Jefferys (1926) proved that the core is fluid by observing S wave shadow zone that begins 
at the epicentral distance of ~103º. Lehmann (1936) observed P wave arrivals in the shadow zone 
and proposed the existence of the solid inner core. Dziewonski and Gilbert (1971) confirmed this 
hypothesis and proved that the inner core is solid, based on normal mode observations. The shear 
wave that travels through the inner core, PKJKP, was observed by Duess et al. (2000) and Cao et 
al. (2005). 
Various one-dimensional velocity models of the Earth’s core have been proposed in different 
seismological studies (Dziewonski and Anderson, 1981; Song and Helmberger, 1995a). The key 
differences in these studies include the depth and velocity jump of the inner-core boundary, the 
velocity gradient above and below the boundary, and the attenuation structure near the boundary. 
Inner-core anisotropy was first proposed by Morelli et al. (1986) and Woodhouse et al. (1986), 
with anomalous observations first made by Poupinet et al. (1983). The anisotropy can be 
observed in both body-wave data and normal modes. Body-wave studies analyze the differential 
travel times between PKP branches in the data with different ray angle (angle between PKPdf 
path in the inner core and the Earth’s rotation axis). PKPcd-PKPdf differential travel times, 
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which are sensitive to the top 100 km of the inner core, show little ray angle dependency, 
suggesting an isotropic top layer with a thickness ~100 km (Shearer, 1994; Song and 
Helmberger, 1995b). The velocity anisotropy beneath the isotropic layer appears to be 
dominantly cylindrical, with a fast axis approximately aligned with the Earth’s rotation axis, and 
amplitude of 3 – 4% (Creager, 1992). Attenuation anisotropy was also found (Souriau and 
Romanowicz, 1996) by observing lower PKPdf/PKPbc and PKPdf/PKPab amplitude ratio for 
polar paths (ray angle less than 35º) and higher for equatorial paths (ray angle greater than 35º). 
This suggests that the direction of high attenuation agrees with that of high velocity. Ishii and 
Dziewonski (2002), and Sun and Song (2008b) reported the existence of the innermost inner 
core, which has a different anisotropy structure than the other part of the inner core. Wang et al. 
(2015) found that the fast axis of the innermost inner core is confined to latitude within 6º N to 
12º N and longitude within 83º W to 95º W. 
Lateral variations of the inner core have been reported and confirmed in recent seismological 
studies, including both body-wave and normal mode observations. Tanaka and Hamaguchi 
(1997) showed that the western hemisphere is more anisotropic and has a smaller isotropic P-
wave velocity than the eastern hemisphere. The hemispherical variation of isotropic velocity in 
the top ~100 km is confirmed by studies using equatorial PKPcd-PKPdf differential travel times 
(Niu and Wen, 2001; Garcia, 2002). The western hemisphere is ~0.1 km/s slower than the eastern 
hemisphere, and also seems to have a smaller attenuation (larger Q, ~600; 300 – 600 for eastern 
hemisphere) (Yu and Wen, 2006b). Beneath the top isotropic layer, strong anisotropy (3 – 4%) 
was found in the western hemisphere, while in the eastern hemisphere, the value is much smaller 
(0.5 – 1%) (Sun and Song, 2008b; Waszek and Deuss, 2011). 
The superroation of the Earth’s inner core was suggested from geodynamo modeling, which 
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predicted a relative rotation between the Earth’s inner core, and crust and mantle. The existence 
of the inner-core superrotation was controversial initially. Some body-wave studies have 
reported evidence for the superrotation by the change of PKPbc-PKPdf differential travel times 
over several decades (Song and Richards, 1996), and by seismic doublet analysis (Zhang et al., 
2005; Song and Poupinet, 2007). The relative rotation speed varies in these studies from 1 – 3 
º/year to 0.5 º/year. On the other hand, some body-wave studies (Maekinen and Deuss, 2011) and 
most normal mode studies (Tomiyama and Oda, 2008) favor an inner core without superrotation. 
 
1.2.3 Mineralogy and dynamics of the Earth’s core 
The Earth’s core contains 32% of the Earth’s total mass and 16% of its volume. It is well 
accepted that it is composed of iron and nickel (~5%). The temperature of the core exceeds 
~4,000 K, and the pressure is higher than 136 GPa. The temperature at the inner-core boundary is 
estimated to be 5,200 – 5,700 K. Some properties of the Earth’s core, including density, 
velocities, thermal and electrical conductivities have to be measured at these ultrahigh-pressure 
conditions. Recently, Tateno et al. (2015) successfully conducted laser-heating diamond-anvil 
cell (DAC) experiments to 407 GPa and 5,960 K. Using X-ray diffraction (XRD) measurements, 
Tateno et al. (2010, 2012) and Ozawa et al. (2011) have found stable crystal structures of Fe, Fe-
10wt%Ni, and FeO at inner core conditions. 
The density deficit of the liquid outer core relative to pure iron is about 5 – 10% (Birch, 1964), 
and for the solid inner core, the estimated value is about 4 – 5% (Hemley and Mao, 2001). 
Therefore the core is thought to contain one or more light elements such as carbon, hydrogen, 
sulfur, silicon, and/or oxygen (Poirier, 1994). The density jump at the inner-core boundary is 
 6 
~640 kg/m3, which cannot be explained only by the density difference between liquid and solid. 
This density jump requires enrichment in the light elements in the outer core relative to the inner 
core. Studies (Shahar et al., 2009; Ziegler et al., 2010) suggested ~6 wt% silica in the core, 
which is responsible for about half of the outer core density deficit. The abundance of surfer in 
the core is about 1 – 2 wt%, which accounts for ~1% density deficit (Allegre et al., 2001). Hirose 
et al. (2013) suggested about 3 wt% oxygen and negligible amounts of carbon and hydrogen are 
also presented in the core, according to the core density deficit. 
The iron is in body-centered-cubic (bcc) structure at the ambient P-T condition. It transforms to 
hexagonal-close-packed (hcp) structure at high pressure, and face-centered-cubic (fcc) structure 
with increased temperature. Recent X-ray diffraction (XRD) measurements on Fe up to 377 GPa 
and 5,700 K demonstrate that hcp iron is stable at inner-core P-T conditions (Tateno et al., 2010). 
The anisotropy of the inner core can be interpreted by lattice-preferred orientation (LPO) of hcp 
iron, whose c-axis is the fast axis and is aligned parallel to Earth’s rotation axis (Stixrude and 
Cohen, 1995). The solid inner core is thought to grow from the crystallization of iron in the outer 
core, and the alignment of iron crystals can happen during the solidification and/or due to inner-
core deformation after this process. 
There are a few dynamic models proposed recently to explain the spherical structure from 
seismic observations. Alboussere et al. (2010) proposed a simultaneously melting eastern 
hemisphere and crystallization western hemisphere. This inner-core translation model can also 
interpret the presence of a 250-km-thick F layer of reduced seismic velocity at the base of the 
outer core. Monnereau et al. (2010) interpreted the dependence of the P-wave velocity and 
attenuation with the distance to the point G (close to the equator at longitude ~80º W) as lateral 
variations of the grain size, which requires smaller grains (~ several hundred meters) for slower 
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isotropic velocity and lower attenuation, and larger grains for faster isotropic velocity and higher 
attenuation (Calvet and Margerin, 2008, 2012). Although at first Monnereau et al. (2010) 
proposed gradual but not sharp boundaries between two hemispheres, which is not consistent 
with most seismological studies discussed above, later studies by Geballe et al. (2013) showed 
that it can actually result in sharp boundaries. Gubbins et al. (2011) used geodynamo simulations 
to show that the variations of heat flux at the core-mantle boundary can be transferred to the 
inner-core boundary and large enough to cause heat to flow into the inner core. This process 
results in the localized melting at the inner-core boundary that explains the seismic anomaly in 
the inner core, because areas of melting will consist of recent exposed, precompressed material 
whereas areas of freezing will have layers of recent formed, unconsolidated mush.  
 
1.3 RESEARCH QUESTIONS AND OUTLINES OF THIS DISSERTATION 
It is clear that seismological studies of the structure of the core, especially the inner-core 
boundary and the topmost inner core play a significant role in providing constraints and 
boundary conditions for the mineralogical and dynamic understanding of the Earth’s core. In this 
dissertation, I try to resolve some of the new structures of the Earth’s topmost inner core, which 
may be helpful in understanding the evolution and dynamics of the Earth. The main questions I 
focus on are: (1) can we develop a more efficient method to model the inner-core body-wave 
data; (2) are there any higher degree features at the topmost inner core other than hemispherical 
differences; (3) are there any areas at the topmost inner core with strong local variation; (4) can 
we find more data to resolve the anisotropy of the topmost inner core better? 
To solve these problems, I divide this dissertation into two parts. In chapter 2, I introduce a new 
automatic waveform inversion technique we developed to model the inner-core body waves. 
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Chapter 3 shows our results on the velocity and attenuation structures of the topmost inner core 
from waveform inversion, and its implication on the dynamic process of the Earth’s interior.
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CHAPTER 2 
A NEW AUTOMATIC WAVEFORM INVERSION TECHNIQUE FOR STUDYING THE 
EARTH’S INNER CORE STRUCTURE 
 
2.1 INTRODUCTION 
Short-period body waves are the most common seismic data to study the Earth’s inner-core 
structure. Since the high-frequency nature of the body waves, they can detect sharp velocity 
discontinuities in the Earth’s interior, and resolve small-scale structures. The compressional body 
waves that penetrate the Earth’s core are denoted by PKP. PKP waves have multiple branches 
due to the velocity discontinuities at the core-mantle boundary and the inner-core boundary 
(Figure 2.1). PKPdf (or PKIKP) are waves that travel through the Earth’s inner core, which 
provide information of the region. PKPcd (or PKiKP) are waves that reflected off the inner-core 
boundary. PKPab and PKPbc are waves that turn in the middle and the bottom of the outer core, 
respectively. PKPab, PKPbc, and PKPcd are usually used as reference phases since they have 
similar paths as PKPdf in crust and mantle. Using differential travel time between PKPdf and 
these reference phases enables us to study the velocity structure of the Earth’s core, though some 
corrections may be needed. These PKP phases can be observed at epicentral distances from 130º 
to 160º, but usually, not all branches are present at a particular distance. 
Travel-time inversion is a traditional method to study the core structure. The travel time between 
PKPdf and reference phases in each seismic record is measured by handpicking the arrival time 
of these two phases or using the delay time from cross-correlation analysis. The amplitude ratio 
between PKPcd (or PKPbc) and PKPdf phase can also be measured to calculate the attenuation 
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of the inner core. However, the travel-time inversion method has some disadvantages. First, the 
handpicking of PKP arrival times can be subjective. Some studies pick the first emerge of the 
phases, and others pick the maximum amplitude. The waveforms might be distorted in the 
seismogram, so different picking strategies may lead to different results. Second, the travel-time 
inversion is hard to apply to seismograms at smaller distances. Because at distances less than 
about 132º, PKPdf and PKPcd arrive at nearly the same time, and their phases are not well 
separated in the seismogram. It is impossible to pick the arrival time of these two phases 
accurately. Third, the travel-time inversion only uses the information of differential travel time 
and amplitude ratio, and neglect possible information contained in the waveform itself. Last, the 
travel-time method calculates the velocity and attenuation structure separately, while they 
actually have tradeoffs in the real seismogram. 
Besides the travel-time inversion, waveform modeling method has also been used in some 
seismological studies. Unlike the travel-time methods that only fit the absolute or relative travel 
times, waveform modeling requires the fit of the full wave fields between observed data and 
synthetics. It has been used to model the Earth structure at different depth: including the upper 
mantle (Tan and Helmberger, 2007), the transition zone (Wang et al., 2014), the lower mantle 
(Avants et al., 2006) as well as the core (Song and Helmberger, 1992; Niu and Wen, 2001). 
Previous waveform-modeling methods are mostly based on the “trial and error” approach, which 
uses manual perturbations from reference models and comparisons between observations and 
synthetics. 
In this study, we developed a new automatic waveform inversion technique to measure P-wave 
velocity perturbations and attenuation in the topmost inner core simultaneously. This technique is 
based on waveform fitting with a fast-search Neighborhood Algorithm (NA) (Sambridge, 1999a, 
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1999b) for model parameters. This algorithm has been used in receiver function studies (Bodin et 
al. 2012; Xu et al., 2013). It is an optimized direct searching algorithm that converges faster than 
traditional Monte Carlo approaches. The advantages of using searching algorithms, such as 
genetic algorithm, simulated annealing, and neighborhood algorithm, include the followings: (1) 
they can deal with nonlinear problems easier than linear inversions; (2) they are not likely to be 
trapped in local minimums; (3) error analysis is easier to perform. One of the reasons these 
searching methods were not widely used previously in seismological studies is that they are very 
time-consuming. Nevertheless, with the dramatically increasing power of modern computers in 
past decades, the computation time can be greatly reduced. The NA also implements Message 
Passing Interface (MPI) for parallel processes and further reduces the computational cost. The 
automatic waveform inversion technique is similar to the nonlinear inversion method used in 
Garcia et al. (2004), but instead of searching for the differential travel time and amplitude ratio 
between difference PKP phases, we are searching for the values of velocity and quality factor (Q) 
directly. This chapter introduces the procedure of waveform inversion technique in detail and its 
applications on synthetic seismograms. 
 
2.2 AUTOMATIC WAVEFORM INVERSION PROCEDURE 
Figure 2.2 shows a flow chart of the general procedure of the automatic waveform inversion 
technique. For a given seismogram of PKPdf+PKPcd waveform in the distance range from 130º 
to 142º, a large number of random models are generated within velocity perturbations (dV, 
relative to a reference model) and the range of the quality factor (Q). For each model, a fast 
generalized ray technique (GRT) (Helmberger, 1983; Song and Helmberger, 1992) is used to 
calculate the synthetic seismogram. This technique has been used in a variety of seismological 
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studies and has been found to be quite useful. One advantage of this method is to isolate 
contributions associated with specific paths so that different branches of PKP waves can be 
calculated separately. In this way, the effect of the attenuation can be added to the source-time 
function when PKPdf phase is calculated using the t* operator (Futterman, 1962; Song and 
Helmberger, 1995b). Figure 2.3 shows an example of Green’s functions computed using the 
generalized ray theory approach and 2D WKBJ method (Chapman, 1978) using the same input 
Earth model. The results are very similar using these two different methods. After the Green’s 
function is calculated, it is convolved with the source time function, and produce final synthetic 
seismograms. The NA finds the best model that minimizes the misfit between the data and the 
synthetic.  
We modeled each PKPdf+PKPcd waveform individually using the automatic procedure. The 
goal was to obtain two parameters, the velocity perturbation (dV) in the topmost inner core 
relative to the reference model PREM (Dziewonski and Anderson, 1981) and the quality factor 
(Q) in the topmost inner core so that the synthetic for the model matches the input waveform the 
best. The NA uses iteration process to find the final model (for dV and Q) with the smallest 
misfit. We performed 200 iterations to model each of the seismograms. For each iteration, we 
generated 100 samples (dV and Q pairs) in the parameter space (for a total of 20,000 models). 
For each randomly generated model, we performed the following computation: 
1) Generate a continuous inner-core model. We kept the velocity gradient of the top of the 
inner core the same as in the PREM model, and the Q value is uniform in the inner core.  
2) Use the GRT to compute the synthetic seismogram with the model generated above. The 
GRT synthetic is first calculated without inner-core attenuation. The attenuation (or Q) is 
added to PKPdf using the t* operator (Futterman, 1962; Song and Helmberger, 1995b). The 
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value of t* is calculated by PKPdf travel time and Q value in the inner core, where the 
PKPdf travel time in the inner core is computed using ray tracing before the automatic 
inversion procedure. We used empirical source-time function (the PKPbc phase at distance 
~150º from the same earthquake) in the computation. The pulse width is sometimes adjusted 
to fit the waveform better. Because of the narrow-band nature of the observations, the 
choice of the source-time function does not affect the results. This technique has been 
proven to be useful in previous waveform modeling studies. 
3) Compare the full waveform of the observed seismogram and computed synthetic 
seismogram. The misfit function is defined by the L1-norm between two seismograms 
within the pre-defined time window that includes the energy of PKPdf and PKPcd phases: 
𝑚𝑖𝑠𝑓𝑖𝑡 𝑜𝑏𝑠, 𝑠𝑦𝑛 = 𝑜𝑏𝑠 − 𝑠𝑦𝑛 ! =   
!
!
𝑜𝑏𝑠 𝑖 − 𝑠𝑦𝑛 𝑖!!!!                   (2-1) 
where N is the number of sample points within the time window. The time window is pre-defined 
before the automatic inversion and includes both PKPdf and PKPcd energy. 
We also tested the L2 norm and the result is pretty similar. But L2 is more influenced by outliers 
and noise. After calculating the misfit for all samples in the iteration, these values are passed on 
to the NA to create new samples for the next iteration. Finally, after 200 iterations, we choose the 
velocity and attenuation pair with the smallest misfit as our final model. The inversion for one 
record typically takes 3 hours using one node and multiple jobs can be submitted to a Linux 
cluster at the same time.  
 
2.3 RESULTS OF SYNTHETIC TESTS 
We tested the automatic waveform inversion method on synthetic data. The original velocity 
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model is PREM, and the Q value at the top of the inner core is set to 400. Based on this model, 
we generated 61 synthetic seismograms for epicenter distances from 130º to 142º, with an 
increment of 0.2º, as input data. We added random noise at a level typical of the real data. The 
RMS amplitude of the noise is 6.25% of the maximum amplitude of the synthetic seismograms. 
We applied the inversion method to each seismogram to obtain the dV and Q values. The search 
ranges are -0.10 to 0.15 km/s and 50 to 2,000 for dV and Q, respectively. The inversion results 
show that the synthetics for the inverted models can match the input seismograms well (Figure 
2.4). Except for a few outliers, the final dV values from the inversions are within ±0.01 km/s, 
and Q values are within 200 to 800. The standard error for dV is small (0.005 km/s), but that for 
Q-1 is much larger (2.4×10-3) (relative to the input Q-1 of 2.5×10-3). 
 
2.4 DISCUSSION AND CONCLUSION 
In Section 2.2 and 2.3, we introduced the automatic waveform inversion procedure and results of 
synthetic tests. We modeled each PKPdf+PKPcd waveform individually to get dV and Q values. 
Here, we tried to model not only PKPdf and PKPcd phases, but also PKPbc phase as well using 
the similar approach. We used the waveform inversion technique to search for an average model 
for all seismograms together. The general procedure of modeling is similar, but with some slight 
differences: (1) we used data from 130º to 160º to include PKPbc phases that start to appear at 
~146º; (2) we modeled more parameters rather than the perturbation of velocity jump at inner-
core boundary dV and the quality factor Q at topmost 100 km (Figure 2.5). Since the turning 
depth of PKPdf wave at 160º is ~500 km below the inner-core boundary, the data are sensitive to 
the structure of the top 500 km of the inner core. We parameterized the velocity structure using 
cubic spline interpolation and then converted the continuous model to layered Earth model for 
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forward calculation. The Q model in the inner core is set to be two layers. The thickness of the 
top layer is fixed to 300 km. We also modeled the velocity at the bottom of the outer core. The 
search ranges of parameters are determined by the results of previous studies; (3) for distance 
greater than 146º where PKPdf and PKPbc phases can be observed and separated, we marked 
time windows for both phases, and the misfit is defined by 
𝑚𝑖𝑠𝑓𝑖𝑡 𝑜𝑏𝑠, 𝑠𝑦𝑛 = 𝑜𝑏𝑠 − 𝑠𝑦𝑛 !
! + 𝑜𝑏𝑠 − 𝑠𝑦𝑛 !
! + 𝛼 ∙ 𝑑𝑑𝑡 𝑃𝐾𝑃𝑑𝑓,𝑃𝐾𝑃𝑏𝑐   
=    !
!!
𝑜𝑏𝑠 𝑖 − 𝑠𝑦𝑛 𝑖!!!!! +
!
!!
𝑜𝑏𝑠 𝑖 − 𝑠𝑦𝑛 𝑖!!!!! +   𝛼 ∙ 𝑑𝑑𝑡 𝑃𝐾𝑃𝑑𝑓,𝑃𝐾𝑃𝑏𝑐        (2-2) 
where N1 and N2 are the numbers of sample points within PKPdf and PKPbc time windows, 
respectively, and α is the weighting factor for the differential travel time residual. It is currently 
set to 3 because that gives the best result. The misfits from different traces are added together to 
obtain a total misfit and passed to the NA to generate models for the following iterations. 
We tested this procedure using synthetic seismograms. The synthetic seismograms were 
generated at distances from 130º to 160º for each 1º with PREM reference model. The Q model 
is set to two layers with Q = 300 within the top 300 km of the inner core, and Q = 600 below. We 
also used PREM model to trace the PKPdf wave propagation. The final output velocity model is 
very similar to the input PREM model (Figure 2.6). The velocity at the bottom of the outer core 
and the top of the inner core in the PREM model are 10.36 km/s and 11.03 km/s, while the 
results in the final model are exactly the same (to the two digit after decimal). The output Q 
values are 306 in the top 300 km, and 496 below. The attenuation result is not as accurate as the 
velocity but is still reasonably well. Figure 2.7 shows an example of using this method to model 
the real observed data (5/6/2010, mb 6.2, Near Coast Of Northern Chile). The seismograms 
mainly model the structure of the western hemisphere. The result shows a pretty good fit 
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between the observations and predicted seismograms. The velocity jump at the inner core 
boundary is 0.63 km/s, which is in good agreement with Yu and Wen (2006b). The Q at the top 
300 km and below is 298 and 382. The result suggested that the automatic waveform inversion 
technique can be used in modeling PKPbc waveform as well and it is useful in the future studies 
considering the depth dependency of the inner-core structure. 
In this chapter, we summarized different body-wave methods that have been used to study the 
inner-core structure and the reason why we developed the new waveform inversion technique. 
We introduced the procedure of this technique in great detail. This technique is proven to be very 
useful on synthetic data to model the PKP waveform data and recover the input inner-core 
model. In Chapter 3, we will use this method in the study of the global structures of the Earth’s 
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Figure 2.1 (A) Ray paths of different PKP braches. (B) Travel-time curves of PKP triplications 







Figure 2.2 Flow chart of the automatic waveform inversion procedure. 
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Figure 2.3 Green’s function calculated by two different forward modeling methods: generalized 






Figure 2.4 Synthetic tests of the waveform inversion method. We assumed an input model with 
the PREM (Dziewonski and Anderson, 1981) velocity and Q = 400 and generated synthetic 
seismograms from 130º to 142º at every 0.2º interval. We added random noise of about 6% to the 
synthetics (standard deviation of the noise relative to the maximum amplitude of the signal) and 
used them as inputs. The noise level is about typical of the real data. (A) Result of the synthetic 
tests. The measured values (dV, Q) from waveform inversions are represented by perturbations 
(dV, dQ-1) (grey dots) relative to the input model (red dot). The measurements for dV have 
virtually zero mean with standard deviation of 0.005 km/s and for dQ-1 have a mean of 0.00239 
(or Q about 418) with standard deviation of 0.00066 (or Q from 328 to 577). (B) Input 







Figure 2.5 The illustration of model parameters used in the waveform inversion procedure to 
model the PKPdf, PKPcd and PKPbc phases from 130º to 160º. 
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      A                                                                   B 
 
                          C 
 
Figure 2.6 (A) The velocity model (red) from the synthetic test, compared to input PREM model 
(black). (B) The Q model (red) from the synthetic test, compared to input model (black). (C) 
Predicted seismograms (dashed red) from final models, and the input synthetic seismograms 
(solid black). 
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      B                                                                                           C 
 
Figure 2.7 (A) Map of the event modeled (5/6/2010, mb 6.2, Near Coast Of Northern Chile) 
includes the earthquake location (red star), stations (blue triangles), and midpoint of the PKPdf 
waves (red circles). (B) Observed (black) and predicted seismograms (red). (C) Predicted 
velocity and Q models. 
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CHAPTER 3 
LONG-WAVELENGTH FEATURES OF THE TOPMOST INNER CORE 
	  
3.1 INTRODUCTION 
The solid inner was formed from crystallization of liquid iron in the fluid outer core as the earth 
slowly cools (Jacobs, 1953). The outer core is rather homogenous (Stevenson, 1987; Dai and 
Song, 2008), where the geodynamo produces the Earth’s magnetic field. However, the structure 
of the inner core is rather complex with significant anisotropy (Poupinet et al., 1983; Morelli et 
al., 1986; Woodhouse et al., 1986) and lateral (Tanaka and Hamaguchi, 1997) and depth 
(Shearer, 1994; Song and Helmberger, 1995b) variations, among which a well-known feature is 
strong hemispherical structure (Tanaka and Hamaguchi, 1997; Creager, 2000; Niu and Wen, 
2001; Sun and Song, 2008b; Irving and Deuss, 2011). The topmost inner core has been found to 
be nearly isotropic (Tanaka and Hamaguchi, 1997; Shearer, 1994; Niu and Wen, 2001) and to 
posses strong hemispherical pattern in isotropic velocity (Niu and Wen, 2001; Cao and 
Romanowicz, 2004; Monnereau et al., 2010; Waszek and Deuss, 2011; Attanayake et al., 2014) 
and in attenuation (Cao and Romanowicz, 2004; Monnereau et al., 2010; Attanayake et al., 2014; 
Yu and Wen, 2006a), in which the eastern hemisphere is faster and more attenuating than the 
western hemisphere.  The general patterns of the hemispherical difference are similar in different 
studies, but the location and nature of boundaries between two hemispheres vary among them 
(Table 3.1). Tanaka and Hamaguchi (1997) initially set the boundaries at 43º E and 177º E; 
Creager (1999) and Niu and Wen (2001) defined the boundaries at 40º E and 180º E; Garcia 
(2002) set the boundaries at 60º E and 180º E; Waszek and Deuss (2011) suggested a sharp 
eastward dipping boundaries as a function of depth at 10º – 41º E and 160º – 173º W; Lythgoe et 
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al. (2014) reported gradual boundaries at 40±5º E and 95±20º W. Attanayake et al. (2014) 
confirmed degree-one velocity and attenuation structures in the topmost inner core but reported a 
region with slower velocity and high attenuation in Central Pacific. Lateral variations appear 
significant even at the fine scale of a few kilometers to cause strong scattering (Vidale and Earle, 
2000; Cormier and Li, 2002; Koper et al., 2004). The inner-core anisotropy is caused by the 
preferred alignment of anisotropic iron crystals, but the mechanisms for the anisotropy or the 
lateral variations have been unclear (Song, 1997; Bergman, 2003; Tkalcic, 2015). 
In this chapter, we used the waveform inversion technique described in Chapter 2 to improve the 
resolution of the topmost inner core. We took use of the full waveform of PKPdf (travel through 
the inner core) and PKPcd (reflect off the inner-core boundary) waves in the distance range from 
130º to 142º. The differential travel time and the amplitude ratio can be attributed to the velocity 
and attenuation structure of the topmost inner core, respectively. The two waves have a very 
similar ray path in the mantle, thus are less biased by mantle heterogeneity. We found the 
topmost inner core to possess correlated long-wavelength features in anisotropy, isotropic 
velocity, and attenuation beyond hemispherical dichotomy.  
 
3.2 DATA AND METHODS 
3.2.1 Data 
We searched PKPdf+PKPcd observations systematically for 25 years of data (1990-2015). The 
events were limited to magnitude (mb) 5.3 to 6.5. The stations were from global networks and 
the U.S. Transportable Arrays (TA) that are available from International Research Institution of 
Seismology (IRIS) and China Regional Seismic Networks (CRSN). The epicentral distances 
 26 
were from 130º to 142º. We initially started with IRIS stations from events with depths greater 
than 50 kilometers as teleseismic waveforms for shallow events are generally more complex. 
After we’ve selected and modeled these data, we focused on filling data gaps by including 
shallow earthquakes and CRSN stations.  
We screened some 10,000 events and eventually kept 31 events (Table 3.2) and 2,107 traces from 
1,642 stations. Figure 3.1 shows distributions of earthquakes, stations, and ray paths for the data 
we eventually selected. For each selected event, about 70 – 80% of seismograms are eventually 
kept. These events were selected based on global data coverage, high signal-to-noise (SNR), and 
the simplicity of the source-time function. We transferred these data to the short-period World-
Wide Standard Seismographic Network (WWSSN) instrument response (a narrow band filter 
with a dominant period around 0.8 seconds). We identified PKPdf and PKPcd waves in the data 
using travel times and synthetics for the PREM reference model and marked the time window 
that includes the energy of the PKPdf and PKPcd phases. 
 
3.2.2 Modeling procedure 
We use the automatic waveform inversion technique introduced in Section 2.2 to model the 
seismic records we collected. We modeled each high-quality PKPdf+PKPcd individually to get 
the perturbation of velocity jump at the inner-core boundary (dV) and the quality factor (Q) at 
the topmost inner core. The search ranges are -0.10 to 0.15 km/s and 50 to 2,000 for dV and Q, 
respectively. For some records with obvious larger or smaller velocity perturbations, we adjusted 
the search range in order to get better fits. Within the distance range of 130º to 142º, the PKPdf 
ray turns shallowly in the top of the inner core from 15 to 85 km below the inner-core boundary 
(ICB). Thus we used uniform values of dV and Q to represent the average values for the topmost 
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inner core. Furthermore, we fixed the P velocity at the bottom of the outer core to the reference 
PREM model as the differential time between PKPdf and PKPcd is sensitive only to the velocity 
jump from the outer core to the inner core at the ICB. The relative amplitude between PKPdf and 
PKPcd is sensitive to the attenuation at the topmost inner core and a much less extent the 
impedance contrast across the ICB. 
Thus, the obtained dV value should be more appropriately considered as the perturbation relative 
to the velocity jump of the PREM model (which is 0.67 km/s from 10.36 km/s at the bottom of 
the outer core to 11.03 km/s at the top of the inner core). It can come from either side of the ICB 
(i.e., the bottom of the outer core or the top of the inner core). In this study, we attributed the dV 
solely to the “topmost inner core” for the convenience of discussion. The liquid convecting outer 
core makes it much harder to sustain heterogeneity (Stevenson, 1987). Furthermore, the 
correlation between velocity and attenuation (Q-1) suggests they are likely from the solid inner 
core. The outer-core Q for P wave is regarded as infinite (>10,000) as in the PREM model 
(Dziewonski and Anderson, 1981). 
The source-time function for the synthetics was empirical (Figure 3.2). We used a P-wave pulse 
with similar ray parameter (PKPbc) as the source-time function (Song and Helmberger, 1992). 
We were able to find good PKPbc arrivals for all the selected events at about 150º. Once the data 
have been preselected and preprocessed as above, the automatic waveform inversion normally 
resulted in very good waveform fit. For a few traces, the pulse width of the source-time function 
could be adjusted to fit the waveform better. Because of the high quality and the narrow-band 
nature (WWSP response) of the observations, the choice of the source-time function affects little 
the results, which could be a trapezoid of appropriate width (Song and Helmberger, 1995b). 
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3.2.3 Measurement binning 
To reduce the bias from the uneven distribution of the samples on the data analyses, we group the 
original measurements according to the turning points of the individual ray paths (Figure 3.3). 
We used the clustering algorithm by Liang et al. (2004) with the clustering diameter of 2º (the 
maximum distance of any two samples within the same cluster). For each cluster, we selected the 
path with the median value of all the measurements in the cluster (the selection was applied 
separately to the dV and Q measurements). We obtained a total of 399 measurements in the 
grouped data set. 
 
3.2.4 Inversions of model parameters using spherical harmonic (SH) expansion 
3.2.4.1 Spherical harmonic expansion 
We expanded model parameters into SHs (Appendix A). A model parameter 𝑓 𝜃,𝜙  can be 
written as (Morelli et al., 1986; Tromp and Dahlen, 1998): 
𝑓 𝜃,𝜙 = 𝑎!! cos𝑚𝜙 + 𝑏!! sin𝑚𝜙!!!! ∙!!!! 𝑝!! cos𝜃                   (3-1) 
where 𝜃  is the colatitude, 𝜙  is the longitude and 𝑝!! cos𝜃  is the associated Legendre 
polynomial for degree l and order m. In this study, we set the highest degree 𝑁 = 3. The power 
spectrum, the total power in each degree, is defined as: 
𝑝𝑜𝑤𝑒𝑟 𝑙 =    (𝑎!!)! + (𝑏!!)!  !!!!                                            (3-2) 
The relative power is normalized by the sum of all degrees   𝑝𝑜𝑤𝑒𝑟 𝑙   !!!! . 
 
3.2.4.2 Inversion of velocity perturbations 
At any given location in the topmost inner core, we expressed the velocity perturbation (e.g., Sun 
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and Song, 2008b) as: 
𝑑𝑉 = 𝛼 + 𝜀  𝑐𝑜𝑠!𝜉 + 𝑟  𝑠𝑖𝑛!2𝜉 = 𝛼 + 𝜀(𝑐𝑜𝑠!𝜉 + 𝑘 ∙ 𝑠𝑖𝑛!2𝜉)                     (3-3) 
where isotropic coefficient 𝛼 = 𝛼(𝜃,𝜙) and anisotropic coefficient 𝜀 = 𝜀(𝜃,𝜙) are functions of 
colatitude 𝜃 and longitude 𝜙. The coefficient 𝑘 = 𝑟/𝜀 is quite stable for the upper part of the 
inner core around -0.3 (Sun and Song, 2008a, 2008b). A small change of 𝑘 does not affect the 
inversion results. Thus, to reduce the number of parameters for a robust inversion, we set 
𝑘 = −0.3 a priori for this study.  
The coefficients 𝛼 and 𝜀 are expanded into SHs up to degree 3, separately: 
𝛼 𝜃,𝜙 = 𝑎!! cos𝑚𝜙 + 𝑏!! sin𝑚𝜙!!!! ∙!!!! 𝑝!! cos𝜃                      (3-4) 
𝜀 𝜃,𝜙 = 𝑐!! cos𝑚𝜙 + 𝑑!! sin𝑚𝜙!!!! ∙!!!! 𝑝!! cos𝜃                       (3-5) 
where 𝑁 = 3 as stated above. The inversion of dV is to find the SH coefficients 𝑎!!, 𝑏!!, 𝑐!!, and 
𝑑!!, so that the sum of the residual squares 𝑑𝑉!"#$%&$' − 𝑑𝑉!"#$%&'#$  is minimized. 
The anisotropy is mainly constrained by polar paths. Because the number of polar paths is 
relatively small and their sampling locations are all in low latitudes (Figure 3.3, 3.5), we imposed 
damping constraints on the SH coefficients 𝑐!! and 𝑑!!. The sampling points of the polar paths in 
the inner core are confined within ±35º latitude. Thus we sought solutions that depend on 
longitudes (𝑝!! terms) only. We implemented this by imposing different damping factors to the 
SH coefficients for 𝜀: no damping for the constant term 𝑐!! (global constant), a selected damping 
factor 𝜆 for other 𝑝!! terms (𝑐!! and 𝑑!! , 𝑙 > 0), and a very large damping factor for all the other 𝑐!! 
and 𝑑!! terms. No damping is applied to the coefficients (𝑎!! and 𝑏!!) related to 𝛼. We examined 
the L-shaped trade-off curve of variance reduction versus the damping factor (Figure 3.4) and 
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selected 𝜆 = 10, where the steep variance reduction starts to turn. We used the group data set for 
the SH inversion. The simple linearized system was solved using singular-value-decomposition 
(SVD) method. After the inversion, we calculated the SH coefficients of the Voigt average 
velocity (representing the aggregate for randomly oriented grains) for each (l, m) (Table 3.3) 
using (Creager, 1999):  
𝑉𝑜𝑖𝑔𝑡 = 𝛼 + 𝜀  (1/3+ 8/15 ∙ 𝑘)                                               (3-6) 
where 𝑘 =   −0.3. 
 
3.2.4.3 Inversion of Q 
The inversion of Q is done similarly using SHs but without including anisotropy 
parameterization. Anisotropy of Q in the inner core is much less studied than velocity, but some 
evidence has been reported, particularly for the deeper inner core (Souriau and Romanowicz, 
1996; Yu and Wen, 2006a). Yu and Wen (2006a) found evidence for attenuation anisotropy in the 
topmost inner core in some regions. However, Waszek et al. (2013) found no requirement for 
attenuation anisotropy in the topmost inner core. 
 
3.2.4.4 Spherical harmonic expansion for velocity perturbations in the lowermost mantle 
For the velocity perturbations at the core-mantle boundary (CMB) from TWBX model (Grand, 
2002), we used the uniform grid data at 4º by 4º in the model to expand to SH up to degree 3. 
The long-wavelength feature of the CMB has been very robust (which is dominated by the 
degree-2 structure) from seismic tomography of the mantle over the decades (Romanowicz 1991; 
van der Hilst and Karason, 1999; Masters et al., 2000; Ritsema et al., 2011). 
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3.3 RESULTS 
3.3.1 Measurements using waveform inversion 
Figure 3.2 presents selected examples of waveform inversion results using real data (see 
Appendix B for more examples). The matches between synthetics and observed waveforms are 
excellent for different distances and a variety of relative PKPcd-PKPdf times (Figure 3.2B). The 
observations are from the same event, sampling very similar longitudes (Figure 3.2C), but show 
large variation in differential times (by nearly 1.5 s or more than 2%) and in amplitudes (Q from 
90 to 2,000). The selected traces are grouped in two panels: one group with smaller PKPcd-
PKPdf differential travel times but larger PKPdf/PKPcd amplitude ratios  (left panel), indicating 
slower inner-core speed and lower attenuation (larger Q) as in the measurements; the other with 
larger differential travel times but smaller amplitude ratios (right panel), indicating faster inner-
core speed and higher attenuation (smaller Q). Note at smaller distances (e.g. less than 137º at 
the left panel), the PKPdf and PKPcd arrivals are close enough to interfere with each other so 
that the direct measurements of the relative times or the amplitude ratios would not be accurate. 
Using synthetics for a reference model to guide phase picking would help. But because of the 
non-linear behavior of the waveform from the interfering waves, the best way is to find the 
model to match the data with the synthetic as in this study. 
Figures 3.5 and 3.6 summarize our measurement results for dV and Q of the topmost inner core. 
For discussion purpose, we refer eastern hemisphere as 20º E eastwards to 160º W and the rest as 
western hemisphere (Figure 3.7) in this study. We define the angle between the PKPdf ray and 
the spin axis as 𝜉 and refer polar and equatorial paths as those with 𝜉 < 35º and 𝜉 > 35º, 
respectively. We observed obvious hemispherical patterns that are generally consistent with 
previous studies (Creager, 2000; Niu and Wen, 2001; Cao and Romanowicz, 2004; Yu and Wen, 
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2006a; Sun and Song, 2008b; Monnereau et al., 2010; Irving and Deuss, 2011; Waszek and 
Deuss, 2011; Attanayake et al., 2014). The eastern hemisphere is generally faster (positive dV) 
and more attenuated (smaller Q) and the western hemisphere is slower (negative dV) and less 
attenuated (larger Q) (Figure 3.3, 3.6, 3.7). However, the patterns are far more complex than the 
hemispherical structure. We could observe significant anisotropy in dV in the topmost inner core 
directly from original measurements (Figure 3.5B, 3.5C, 3.7), particularly in some locations, 
which has long been thought to be weak or isotropic (Shearer, 1994; Song and Helmberger, 
1995b; Niu and Wen, 2001). A few polar paths sampling central Pacific are fast by 2.3-3.7% 
(relative to PREM) (Figure 3.5B, C). The data also show large variations within each hemisphere 
and neither boundary between the eastern and western hemisphere is along with a single 
meridian. We observed significant latitudinal changes (Figure 3.3, 3.6) and rapid variations over 
a relatively small region along both longitude and latitude (Figure 3.2, 3.8).  
Our Q (or Q-1) measurements show much larger scatter than the velocity measurements (Figure 
3.7), partly due to larger errors in measuring amplitudes. Nevertheless, there is an obvious 
correlation between velocity and attenuation in the raw measurements (Figure 3.3, 3.7). On 
average, the eastern hemisphere is faster and more attenuating than the western hemisphere 
(Figure 3.7A, B). If we look at equatorial paths (where anisotropy effect is presumably small), 
there are some noticeable trends (Figure 3.7C). For slowest anomalies (e.g., dV/V < -0.3%), Q-1 
is small with many close to zero; for faster anomalies, there’s a positive correlation between 
velocity and attenuation. However, if we look at the measurements with extremely fast velocity 
anomalies for the polar paths (e.g. dV/V > 0.8%), there’s no obvious trend (Figure 3.7D). The 
attenuation measurements are quite scattered with all different values. This is true for the few 
polar paths sampling the central Pacific with the extremely fast anomalies (dV/V from 2.5% to 
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nearly 4%). If we try to fit the cylindrical anisotropy model for Q-1 as in Figure 3.5B for velocity, 
we obtain a wide range of models for different longitudinal quadrants (Figure 3.9). The fastest 
axis appears at polar, equatorial, and intermediate directions, unlike the consistency in the 
velocity models (Figure 3.5B).  
Based on the above observations, we can make the following two inferences. First, the Q values 
are highly heterogeneous in the topmost inner core, and there are long-wavelength features that 
can be extracted. Second, there’s little evidence for significant anisotropy in attenuation in the 
topmost inner core on long-wavelength scales. We cannot rule out attenuation anisotropy at 
greater depths of the inner core and/or at certain regions as reported previously (Souriau and 
Romanowicz, 1996; Yu and Wen, 2006a). Further efforts need to be made for studying regional 
attenuation anisotropy. However, we caution extreme care in such efforts, in the presence of 
heterogeneous inner-core attenuation and large uncertainties in Q measurements even from best 
waveform-based efforts. 
With the above considerations, we did not include attenuation anisotropy parameterization. In 
any event, comparing the inversions using the equatorial paths only (less influenced by 
anisotropy) (Figure 3.10B) and the whole data set (Figure 3.6B) suggests that the long-
wavelength features are quite similar. We thus expanded the Q-1 values directly into SHs without 
considering any directional dependence. Like in the velocity inversion, we used the binned data 





3.3.2 Modeling of anisotropy, heterogeneity, and attenuation 
It is clear that a model is required that can account simultaneously for the anisotropy and lateral 
variation with both longitude and latitude, which in turn requires many parameters. We strived to 
derive a smooth model using spherical harmonics (SHs) up to degree 3 (Figure 3.5 and 3.6) and 
imposed some additional a priori constraints (see Section 3.2.4). We assumed cylindrical 
anisotropy for dV, i.e., the dV at any given location (latitude, longitude) is a function of the ray 
angle from the spin axis (𝜉) (Sun and Song, 2008b) (Equation 3-3). The 𝑘 value affects the 
velocity at intermediate ray angles. We set the 𝑘 value to be constant -0.3 from previous studies 
of anisotropy in the uppermost inner core (Sun and Song, 2008b). The fit to our whole data set 
gives 𝑘 = −0.33 (Figure 3.5B), and our modeling results do not show significant changes with a 
large change of 𝑘 (e.g. -0.1 to -0.5) (Figure 3.11). Assuming 𝑘 a priori reduces the total number 
of parameters by 1/3. The isotropic coefficient 𝛼 and the anisotropic coefficient 𝜀 are modeled as 
SHs, respectively. Because of sparse data for the directional dependence, we imposed damping 
constraints on some SH coefficients for 𝜀 so that it depends mainly on longitude. For Q, we did 
not include anisotropy and expanded the Q-1 values in SHs up to degree 3. The SH inversion 
results are listed in Table 3.3. The velocity model reduces the variance of the grouped data set 
(used in the inversion) by 62%. It reduces that of the original (whole) data set by 67%. The 
reduction for Q-1 is much less at 18% due to data scatter. The long wavelength features in the SH 
inversions appear robust from various resampling tests. 
We observed clear and dominant degree-2 pattern in velocity anisotropy (Figure 3.5, 3.12). The 
anisotropy is strong under central Pacific (> 1.6%), Indian Ocean (east of Africa) (> 1.2%), and 
weak under central America (< 0.8%), and SE Asia (< 0.4%). The strongest anisotropy is under 
Pacific with amplitude up to 1.8% from the smooth SH model. It could be up to 2.5 – 4% at some 
 35 
localities to explain the few data points in central Pacific (Figure 3.5). The data scatter for the 
polar paths at similar locations suggests small-scale rapid variability of anisotropy on top of the 
large-scale variability. The strong anisotropy persists to the very top of the inner core (Figure 
3.13), which can be clearly seen in the original seismograms at smaller distances (Figure 3.5C) 
(with 1.3 to 1.8 seconds at distances less than 134º or about 2.4 – 3.7% relative to PREM). 
From the anisotropic parameters, we calculated the Voigt average velocity (Creager, 1999), 
which represents the aggregate for randomly oriented grains (Figure 3.6) using Equation 3-6. If 
we use the actual data from the equatorial paths only, the patterns of velocity and Q-1 (Figure 
3.10) are quite similar (note the flipped color pallets), suggesting the patterns are very robust. We 
confirmed dominant degree-1 pattern (hemispherical) in both the Voigt velocity and the Q-1 value 
(Figure 3.14). It’s dominated by east-west dichotomy (associated Legendre function 𝑝!! term); the 
north-south difference (𝑝!! term) for velocity or Q
-1 is very small. The hemispherical patterns for 
velocity and Q-1 in the topmost inner core are remarkably similar (Figure 3.14). The zero-
crossing longitudes are: 27º E and 153º W for Voigt velocity and 33º E and 148º W for Q-1 with 
fastest and highest attenuation located under SE Asia and slowest and lowest attenuation under 
and Central America, consistent with Monnereau et al. (2010). From the degree-1 term, the east 
is faster than the west by 0.46% on average and 1.1% peak to peak, and the Q values for east and 
west are 246 and 375 on average and 204 and 549 at minimum and maximum, respectively 
(Figure 3.14).  
However, there are also clear higher-degree (finer) structures in both velocity and attenuation 
(Figure 3.6, 3.14). In the eastern hemisphere, the dV under central Pacific and southern 
Africa/western Indian Ocean has largest positive (fastest) anomalies, while it is smaller in the 
other areas and even slightly negative under SE Asia (Figure 3.6A). In the western hemisphere, 
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the large negative (slow) anomalies are found under North America and South America and 
southeastern Pacific Ocean. The attenuation pattern is in good correlation with the velocity 
pattern with faster areas corresponding to higher attenuation and slower areas corresponding to 
lower attenuation (Figure 3.6). Such correlation is evident in the raw measurements (Figure 3.3, 
3.7). In some parts of the western hemisphere, under the North America and southern Pacific 
Ocean where we have good data coverage and where the velocity is extremely slow, the 
attenuation is nearly zero (or large Q values indistinguishable from infinity) (Figure 3.6). The 
contrasts of maximum/minimum values of Voigt velocity and attenuation even from the smooth 
SH fits are striking: under central Pacific (+0.66% for dV/V and 171 for Q), southern 
Africa/western Indian Ocean (+0.61% and 171), North America (-0.72% and over 2,000), and 
South America / southern Pacific Ocean (-0.71% and over 2,000), respectively.  
We conducted bootstrap analyses of the SH inversions. We conducted 1000 bootstrap inversions. 
For each inversion, we generated random but repeatable samples of the group data set. Figure 
3.15 shows the means and the corresponding standard deviations of the 1000 inversions. The test 
suggests that the main features are resolvable. 
The observed velocity and attenuation structures at the topmost inner core show remarkable 
correlations with the long-wavelength features of the lowermost mantle (Figure 3.12). The long-
wavelength features of the lowermost mantle, dominated by SH degree-2 structure, are well 
resolved from seismic tomography (Dziewonski, 1984; Grand, 2002), including the prominent 
large low shear velocity provinces of Pacific and Africa “super-plumes” and high velocity 
anomalies under the Americas and the southern Eurasia of past subductions. If we plot degree-2 
and -3 components only (Figure 3.12), it is easy to see that the high-velocity, high attenuated 
areas of the topmost inner core under the central Pacific and Africa are correlated well with the 
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low-velocity areas at the CMB and that anomalies under North America, southern Asia, and 
southern Pacific/Antarctica are correlated. The correlation can be seen clearly at degree 2 or even 
degree 3, separately (Figure 3.14). The power spectra between the topmost inner core velocity 
anisotropy and lowermost mantle velocity are quite similar, which are dominated by degree 2 
(Figure 3.12D). The spectra of Voigt velocity and Q-1 are dominated by degree 1, but have 
significant degree-2 and -3 components (12% and 51% of total power, respectively). The ratios 
of the maximum amplitudes of degree 2 and degree 3 to that of degree 1 are 76% and 59% for 
Voigt velocity, respectively and 113% and 95% for Q-1, respectively. The amplitudes are much 
more comparable to degree 1 than powers because the strong amplitudes in the degree-2 and -3 
components are more localized in certain regions (Figure 3.14). 
 
3.4 DISCUSSION AND CONCLUSIONS 
The excellent correlation between the long-wavelength (degree-2 and -3) structures at the top of 
the inner core and the bottom of the mantle provides compelling evidence for strong coupling 
between the mantle and the inner core. Because the seismic anomalies are right at the top of the 
inner core, it appears easier to invoke mechanisms related to solidification texturing (Bergman, 
2003) than those related to internal deformation (Yoshida et al., 1996) on the inner-core 
anisotropy and heterogeneity. Furthermore, the higher-degree patterns and the presence of rapid 
lateral changes in velocity anisotropy and/or Voigt velocity under the central Pacific, 
Africa/Indian Ocean, and northeast Asia (Figure 3.2, 3.5, 3.8) suggest intensified solidification 
and perhaps melting in certain localities (Gubbins et al., 2011). Rapid localized temporal changes 
of the ICB topography have been observed (Wen, 2006; Cao et al., 2007; Song and Dai, 2008). 
We propose a qualitative and simplistic mechanism for the lateral variations and the apparent 
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correlations between the different quantities and between the inner core and the mantle (Figure 
3.16), based on our interpretations of sometimes conflicting results from prior studies. Variation 
of heat flow across the CMB due to heterogeneous lowermost mantle structure is expected to 
affect fluid flow in the outer core, which in turn affects the solidification and light element 
release at the ICB (Sumita and Olson, 1999; Aubert et al., 2008, Gubbins et al., 2011). Under 
central Pacific or Africa with smaller temperature contrast and lower heat flow across the CMB, 
weaker mass flux with enriched light elements is expected (Gubbins et al., 2011; Aubert et al., 
2008). The freezing at the ICB there is slower (Sumita and Olson, 1999; Aubert et al., 2008), 
resulting in better crystal alignment, larger grain size, more light element inclusion, and less melt 
and lower fluid connectivity at the top of the inner core. Furthermore, localized melting could 
occur (Gubbins et al., 2011), which would lead to similar effects with older and consolidated 
grains exposed. The processes, in turn, cause the observed seismic anomalies: i.e., stronger 
anisotropy from better crystal alignment (slower cooling or older consolidated grain); higher 
attenuation from multiple-scattering of aggregate with larger grain size (Monnereau et al., 2010) 
and from lower fluid connectivity (Cao and Romanowicz, 2004); and faster average speed from 
more light element inclusion (Badro et al., 2007; Antonangeli et al., 2010) and less melt. The 
situation under circum-Pacific (Americas and SE Asia) is the opposite (Figure 3.16) with more 
heat extracted across the CMB; stronger mass flux in the outer core with depleted light element; 
faster crystallization at the ICB; and smaller grain size and less light element inclusion in the 
porous and mushy (Gubbins et al., 2011) topmost inner core. Less attenuation is expected from 
smaller anisotropic grains (Monnereau et al., 2010) or mushy and better-connected liquids (Cao 
and Romanowicz, 2004). Geodynamo studies seem capable of creating different spectra of heat 
flux at the ICB from imposed heat flux at the CMB, including a strong hemispherical pattern 
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(Aubert et al., 2008) and a strong degree-2 pattern (Gubbins et al., 2011), or creating a phase shift 
of the heat flux from the CMB to the ICB (Sumita and Olson, 1996). Thus, the new observations 
open a distinct possibility to understand the interactions between the mantle convection and the 
core geodynamo, the two engines that drive the dynamics of the Earth’s interior. Furthermore, if 
such interactions persisted over the growth history of the inner core, looking deeper into the 
inner-core 3D structure may offer a clue into the mantle dynamics of the long past.  
In this chapter, we show a striking result from our study on the long-wavelength features of the 
topmost inner core. Besides the well-known degree-1 hemispherical variations, we observed 
degree-2 and -3 features of both velocity and attenuation structure. We also observed strong 
velocity anisotropy under central Pacific. Velocity and attenuation of the topmost inner core 
correlate well, and the higher-degree patterns of them show excellent correlation with the S-wave 
velocity at the lowermost mantle. Finally, we proposed a potential dynamic explanation to all the 
observations we made. 
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3.5 TABLES AND FIGURES 
Table 3.1 Summary of recent studies on hemispherical boundaries of the inner core 







1997 43º E 177º E Equatorial PKPbc-
PKPdf, spherical 
harmonics 





2000 40º E 160º E PKPbc-PKPdf 
Niu and Wen 2001 40º E 180º W PKPcd-PKPdf 
Garcia 2002 60º E 180º W PKPcd-PKPdf 
Oreshin and 
Vinnik 
2004 50º E 120º W PKPdf/PKPbc, 
PKPdf/PKPab 
Ivring and Deuss 2011 14º E 151º W PKPbc-PKPdf, 
PKPab-PKPdf 
Lythgoe et al 2014 40º E 95º W Absolute PKPdf 
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Table 3.2 List of all earthquake events used in this study 
 













1 19940822 -11.594 166.448 164.3 6.2 Santa Cruz 
Islands 
21 
2 19951014 -25.754 -177.557 175.7 6.2 South Of Fiji 
Islands 
8 













6 20020128 49.376 155.613 52.7 6.0 Kuril Islands 21 





8 20050726 -15.338 -73.059 109.1 5.9 Southern 
Peru 
24 








11 20060627 -19.957 -178.230 574.9 6.0 Fiji Islands 
Region 
43 





13 20070721 -8.085 -71.207 633.7 6.0 Western 
Brazil 
32 
14 20070803 -62.860 145.520 0.7 5.9 South Of 
Australia 
140 
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Table 3.2 (cont.) 
 









18 20080724 50.928 157.512 45.3 6.1 Kuril Islands 47 


















23 20100809 -6.091 112.996 597.2 5.3 Java, 
Indonesia 
208 
24 20101221 -8.706 111.184 59.9 5.5 Java, 
Indonesia 
186 
25 20110505 55.081 -160.563 40.9 5.7 Alaska 
Peninsula 
16 









28 20120604 -7.692 106.371 50.0 5.9 Java, 
Indonesia 
172 
29 20130812 -7.135 129.808 95.0 6.0 Banda Sea 208 
30 20131213 13.133 -89.089 67.6 5.6 El Salvador 3 





Table 3.3 Spherical harmonic (SH) coefficients 
 
SH Coefficients1 





(TXBW)2 Degree (l) 
Order 
(m) 
0 0 -0.0211 0.0990 -0.0039 
 
0.0034 -0.0142 -0.1977 
1 0 -0.0032 0.0000 -0.0032 
 













        
2 0 -0.0121 0.0000 -0.0121 -0.0006 -0.0155 1.1594 


























        
3 0 -0.0021 0.0000 -0.0021 0.0010 -0.0047 -0.9421 










































1 For each degree and order (l,m), the first row is for a (or c) and the second row is for b (or d) in 
Equation 3-4 (or 3-5) except for m=0 where only a (or c) is shown (b=0, d=0). The SH 
coefficients for Voigt velocity are constructed from Equation 3-6. All the dV coefficients are in 
km/s (for α, ε, Voigt, and equatorial data only).  

























Figure 3.1 Surface projections of all the ray paths (grey) in this study from earthquakes (red 
stars) to seismic stations (blue inverted triangles). The dark segment highlights the part of each 





























Figure 3.2 Examples of P waves reflected (PKPcd) and refracted (PKPdf) from the inner core. 
(A) Ray paths of PKPcd and PKPdf waves at epicenter distances of 130º and 142º as well as 
PKPbc that turns at the bottom of the outer core at 150º.  (B) Selected seismograms of the PKPcd 
and PKPdf phases (observed, black; synthetic, red). The synthetics are for the best models 
(velocity perturbation dV and quality factor Q, labeled) of the topmost inner core obtained from 
the waveform inversions. The observed seismograms are selected equatorial paths sampling the 
central Pacific (C) from the same event (Event #15 in Table 3.2, 9/30/2007, mb 6.6, Auckland 
Islands Region, recorded at U.S. stations) but show large variations (dV < 0.05 km/s, left; dV > 
0.05 km/s, right). The traces are aligned with PKPcd waves, and each trace is normalized by the 
peak-to-peak amplitude of the segment. The dotted lines indicate relative times of PKPcd and 
PKPdf waves for the reference PREM model (Dziewonski and Anderson, 1981). All the traces 
are band-pass filtered using the short-period World-Wide Standard Seismographic Network 
instrument response. The source-time function used for the synthetics is a PKPbc pulse for the 
same event (bottom, left panel).  (C) Map of measured dV values plotted at the turning points of 
the ray paths in the inner core for all the equatorial paths sampling the central Pacific from Event 
#15, including those in B. We use interchangeably the original dV measurement in km/s and the 
corresponding percentage with respect to the value at the top of the inner core (11.03 km/s) from 




















Figure 3.3 Display of original (A, C) and grouped (B, D) measurements of dV (A, B) and Q-1 (C, 
D) in the topmost inner core from waveform inversions. Each measurement is plotted at the 
turning point location (latitude, longitude) of the ray path in the inner core. The original 
measurements of dV (A) and Q-1 (C) contain 2,107 paths. The grouped measurements of dV (B) 
and Q-1 (D) contain 399 paths (with group diameter of 2º). For each plot, polar (ξ < 35º) and 
equatorial (ξ > 35º) paths are indicated by triangles and circles, respectively. The velocity 
perturbation dV/V is the measured dV value in km/s divided by the PREM value at the top of the 
inner core (11.03 km/s). The inverse of the originally measured value Q (i.e., Q-1) is used to 


















































Figure 3.5 Velocity anisotropy at the topmost inner core. (A) Anisotropy strength from the SH 
inversion (0 to 3 degrees) (color). The dV measurements for the grouped polar paths (symbols) 
are also plots at the ray turning points using the same color scale as in Figure 3.6A. (B) 
Anisotropy (curve versus the ray angle from the spin axis 𝜉) derived from the dV measurements 
(symbols) at four longitudinal quadrants (labeled). The data include all the measurements we 
made (total 2,107 ray paths). The anisotropy strengths (𝜀) are 2.0%, 0.2%, 2.4%, 0.4%, and 1.1% 
for each quadrant (labeled) and for the whole data set, respectively. (C) Comparison of selected 
seismograms of the PKPcd and PKPdf phases (observed, black; synthetic, red) from equatorial 
paths (left) and polar paths (right). All the data are from the same event (Event #25, Table 3.2, 
5/5/2011, mb 5.7, Alaska Peninsula); the equatorial paths (𝜉 about 56º) and polar paths (𝜉 about 
13º) sample the inner core beneath northern Europe and central Pacific, respectively. The dV 
measurements range from 0.26 to 0.40 km/s for polar paths and from -0.14 to 0.04 km/s for the 














Figure 3.6 Voigt average velocity perturbation (A) and attenuation (Q-1) (B) at the topmost inner 
core. (A) The Voigt velocity (color) is calculated from the anisotropy inversion of the SH 
coefficients (for degrees 1 to 3). The symbols show the original dV measurements for the 
equatorial paths (grouped data set) using the same color pallet as the map. (B) The attenuation 
map (color) is from the SH inversion (for degrees 0 to 3) using the Q-1 values of the grouped data 





















Figure 3.7 Display of measured dV and Q in various forms. The data include original 
measurements (2,107 paths); grouped data set (399 paths) and equatorial (321) and polar paths 
(78) in the grouped data set.  The labels “group equ” and “group pol” stand for equatorial and 
polar paths in the group data set, respectively. (A) The velocity perturbation dV/V as function of 
turning point longitude. The two dashed lines (at 20º E and 160º W, respectively) separate the 
eastern and western hemispheres defined in this study. The average dV values for the eastern and 
western hemispheres (dotted lines) are 0.037 km/s (or dV/V = 0.33%) and -0.032 km/s (or -
0.29%), respectively. (B) Similar to (A) but for Q-1 values. The average Q-1 value for the group 
data set is 0.0037 (or Q = 270). The average values for the eastern and western hemispheres 
(dotted lines) are 0.0043 (or Q = 230) and 0.0025 (or Q = 400), respectively. (C) dV/V vs Q-1 for 
equatorial paths. For slow anomalies (dV/V < about -0.3%, left side of the dashed line), the 
attenuation is very small (Q very large, many near the threshold of 2,000 in the waveform 
inversion). For measurements at the right side of the dashed line, attenuation generally increases 
as dV increases. (D) dV/V vs Q-1 for polar paths. For extremely fast anomalies (dV/V >  0.8%, 














Figure 3.8 Enlarged views of dV variations in regions with dense samples: Africa/Western 
Indian Ocean (A), central Pacific (B), Northeast Asia (C), and North America (D). The equatorial 
and polar paths are indicated by circles and triangles, respectively. The color shows relative 
variation in each region after removing the mean (labeled). The color pallet covers the same 
range as all the other color pallets for velocity perturbations in this study (dV as a percent 
relative to the velocity at the top of the inner core). The means are 0.067, 0.075, 0.026, -0.077 
km/s for A to D, respectively. Within each region, the central Pacific has largest variation while 



























Figure 3.9 Examination of anisotropy in attenuation (Q-1). We divided the original measurements 
into four longitudinal quadrants (color symbols) like in Figure 3.5B. The fit to a cylindrical 
anisotropy model using the whole data set (dashed black line) shows higher attenuation for the 
polar paths (Q-1 larger by 0.0025 at ξ = 0º relative to ξ = 90º). The fits using data from separate 
quadrants (color lines) show variable results with maximum attenuation at polar direction, the 
equatorial plane, and intermediate angles, respectively.  
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Figure 3.10 SH results for dV (A) and Q-1 (B) using equatorial paths only. The SH inversion for 















Figure 3.11 Inversions of velocity anisotropy (left column) and Voigt velocity (right column) 







Figure 3.12 Long-wavelength features of the topmost inner core and the lowermost mantle. (A, 
B) SH degree-2 and -3 components for Voigt velocity and Q-1 of the topmost inner core obtained 
from this study, respectively. (C) SH degree-2 and -3 components for shear-wave velocity 
perturbations of the lowermost mantle (near the CMB) for the TXBW model (Grand, 2002). (D) 













































Figure 3.13 SH results (B, C, D) using ray paths (in the group data set) with distances less than 
136º only. (A) Velocity anisotropy using the whole group data set (all distances) (same as Figure 
3.5A). (B) Degrees 0 to 3 for velocity anisotropy, to be compared with A. (C, D) Voigt velocity 










Figure 3.14 Spherical harmonics (SH) inversion results. The columns are for Voigt velocity 
perturbation (A) and attenuation (Q-1) (B) in the topmost inner core and velocity perturbation for 
the core-mantle boundary (C) from TXBW model (Grand, 2002), respectively. The rows are 
results for degree1 to 3 and degree 1, 2, 3, and 2 to 3, separately. Note that, for better 
comparison, the color pallet for Voigt dV/V is flipped. 
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Figure 3.15 Uncertainty estimates from bootstrapping. Left columns are the mean values for 
anisotropy, Voigt velocity, and Q-1, respectively. Right columns are the corresponding standard 
deviations. Iterations of 1000 times of random (repeatable) sampling of the original 











Figure 3.16 Summary illustration of mantle-core interaction processes proposed to explain the 
observed seismic features of the topmost inner core. Two end-member cases are shown 
according to the long-wavelength features of the CMB (Figure 3.12C), one under central Pacific 
and Africa, where the lowermost mantle is relatively hot (seismically slow) with mantle 
upwellings, and one under Americas and Southeast Asia where the lowermost mantle is relatively 
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Figure A.1 The pattern of spherical harmonic functions of different degrees and orders. 
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APPENDIX B SELECTED ORIGINAL MEASUREMENTS OF SEISMOGRAMS 
	  
In Chapter 3, we used a total of 31 events (Table 3.2) and 1642 stations in the study. To 
demonstrate further the data quality, we show the original measurements of dV and Q obtained 
from the automatic waveform inversions together with all the waveform fits for a few selected 
events (Figure B.1-B.7). These events sample several representative regions of the topmost inner 
core, including central Pacific (Event #15, some in Figure 3.2B), central Pacific (polar paths) and 
northern Europe (equatorial paths) (#25, some in Figure 3.5C), Africa/western Indian Ocean 
(#12), western hemisphere (#8) and North America (#16), Northeast Asia (#29) and East 
Asia/Western Pacific (#11). The quality of the waveform is above average but not necessarily the 
best. The quality of the waveform fits is generally very good, which is fairly typical after 
following our data selection and inversion procedure. Although some waveform fits can be 
improved with some manual adjustment, we have not done so except only a few cases. The 
quality is good enough given the data variations, and we often have dense samples once a good 
event is found so that we need to perform grouping procedure to downsample for a more uniform 
path distribution. 
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Figure B.1 Original measurements of dV (top) and Q (bottom) and waveform fits (next page) 
from automatic waveform inversions. This is for Event #8 in Table 3.2, which is followed by 
several other events in the same format. The event and station locations are indicated by star and 
triangles, respectively. The circles and crosses indicate the measurement values plotted to the 
turning points of the rays in the inner core. The observed seismograms (filtered by WWSSN 
short-period instrument response) are in black and the synthetics are in red (the traces are sorted 







Figure B.1 (Continued) 
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Figure B.2 (Continued) 
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Figure B.3 (Continued) 
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Figure B.4 (Continued) 
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Figure B.5 (Continued) 
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Figure B.6 (Continued) 
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Figure B.7 (Continued) 
